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Abstract

Classical time series modeling is often used by

practitioners for prediction purposes. Many researchers
were already developed a way to predict time series
using new methods, one of which is a method of fuzzy
method. Fuzzy models were constructed based on the
data, commonly not yet have an optimal value of Mean
Absolute Error (MAE), which mean MAE on the model can
still be reduced. This paper describes how the reduction
of MAE on fuzzy model using of giving the amplitude

scale factor. Impairment of MAE mathematically

demonstrated in the evidence.

1. Introduction

Modeling of time series is widely used by practitioners
for prediction purposes such as drink production, stock
prices, the use of gas, electricity, etc. In addition, classic
modeling using ARIMA. The new method has been
developed by several researchers. Newer methods, in
general, can provide an empirical results are more
accurate than previous methods. This paper uses fuzzy
method for prediction purposes in the time series. Fuzzy
model is optimized using of giving the amplitude scale
factor.

Fuzzy theory initiated by Zadeh discovery (1965). Since
his discovery, the fuzzy rule-based models is widely
applied in various statistical models. Fuzzy inference
systems developed by Zadeh (1). Takagi, Sugeno and
Kang (TSK) presented a low-complexity, computationally
effective models without fuzzy sets within the rule
consequences (2,3). The use of fuzzy model for prediction
of time series preceded by a (4).

At this time, fuzzy modeling has been frequently used by
some researchers. Many fuzzy models that have been
developed to improve accuracy. But in general, fuzzy
model of development is not done inexact ways, because
of the nature of the fuzzy model is to translate linguistic
variables into numeric variables. Therefore, (5) attempts
to minimize the mean square error (MSE) using
translational models. Translation as far as the mean error,
proved to be minimize the MSE. (6) also tried to minimize
the Mean Absolute Error (MAE) using a similar way.
Translation as far as the median error, can reduce MAE.
According to (7), (8) and(9), in addition of the translation,
amodel is likely to be given scale factor to minimize error,
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in this case MAE is minimized. This paper describes how
to giving scale factor to minimize the RMSE.

2. The scale factor in the model

Given the time series model ¥; = f (V¢—1,Yt—2,+Yt—p) - The
model will be modified to minimize the MAE.
Modifications done by giving the amplitude  with the
center of the scale is the line y = ¢ for some constant c.

To simplify the analysis, the actual data and the predicted
results of the model to be transformed into z = y; —c 2; =

y; —c and the center line scale is transformed into the
line z = 0. Henceforth, the discussion will be considered
using the points that have been transformed as far as -c

Definition 1

MAE in the time series

Given a set of time series values y1, y2, ... yn and the
prediction value is y4,95,...7, with ¥ =y, + ey, =
¥y, + €3,...Y, = Yo + €, Then the Mean Absolute Error
is calculated using the formula MAE %Zil le;|

Given a set of time series values z1, Zy, ... Z,, and suppose
that the prediction value is 2,2,,....Z,, The position of the
points a prediction of actual points of time series data,
viewed from the line z = 0, will be grouped into four types
namely cross-over, outer, inner and precise as shown in
Figure 1, and is defined as follows:

Vol 11, Issue 8, Aug-Sept 2020



Fuzzy Model Optimization Using of Guring the Amplitude Scale Foctor

z| out pr in in cr out pr out

0l - t

@ time senes data
¢ Predictions value

Figure 1. Representation of the point outer, inner, precise
and crossover.
Definition 2
Given point z;, i=1, 2, ..., n and the line z = 0.
a If z;z; < 0 then z;and 2; said to be crossover and be
written z{"and Z;".
b. If z;2;> 0 then z;and Z; said to be unilateral.

Definition 3

Given point z;, i=1, 2, ..., n, the line z = 0 and Z; is unilateral

a. If |z;/>] z;], then the point z;and Z;is called outer, written
as z**and z*.

b. If /z,/</ zi, then the point z;and Z;is called inner, written
as z"and 2",

c If 21- z;, then the point z;and Z;is called precise,written
as Z "and 2 Apr

Values Zl,Zz,....,Zn can be partitioned based on its position

relative to the line z = 0, ie, outer, inner, precise and

crossover

Outer: zZ”t; h=1,2,..p,

Inner: z}";j: 1,2, ..,q,

Precise: zzr; k=1,2,..,r

Crossover: zl"; =1,2,..s

Based on that partition, itis clear thatn=p+q+r+s

Giving scale factor means it will have an impact

compression or stretching on the model. Stretching or

compression will be used to reduce error. The model that

are stretched will be compressed and the model that are

compressed will be stretched

Definition 4

Given Z the result of the transformation of the realization
of a time series, Z is the prediction model with outer
z3* andzy", innerz]i." and2 preczsez and , as well as

Zy
crossover z;" i A model Z is sazd stretched if
P |gout s | q 5T
h=1 |ZZ” |+, |chr| > Y1 |? ZM| + T 1| |
A model that is included in the stretched category need to
be compressed to improve accuracy. If the compression is

done, then the absolute price number of errors in the

points outer zzut and crossover 2;” will be reduced, but the

absolute price number of errors in the points inner Zj

and z¢"

and precise QZT that is not on the center line of scale, will
have increased. Thus, a model can be compressed to
minimize error if the absolute price number of errors in
the points outer 2°**and crossover z;" is greater than the

Zp
absolute price number of errors in the points mnerzj and
. AT
precisez,, .

The idea to compress the model is to give a scale factor
that can squeeze point 2)" and point z}**which has the

shortest distance, this is conducted to ensure that the

error of the entire point outer?fl“t will shrink. Selecting a

t

point 20** and point z0** which has the closest distance,

out

then choose the greatest, because the points

Zn_
2aut
2y**always further away from z}*‘toward the line z = 0.
Theorem 1

Given Z the result of the transformation of the
realization of a time series, Zis the prediction model
w1th outer z;"*and z;**, inner Z/ "and z;", prease

Apr

and , as well as crossover z and z

IfZ o |20ut| + Zl L |Zcr| > Z
then 7*=aZ provzde MAE(Z* ) <

ln

" |and a =

max(on ) with ay, =

Aout

MAE (Z).

Proof:

Made o), = im Because for every h applicable /z"”t/ >
h

[y | then

O<an<1 8]

Taken o =max(an: h=1,2 .., p), then for every h =1,2,...p
applicable
|azout| > |(,¥ Zoutl — |Zout (2)

Given
sout* _ sout out sout out outx_ goutx out
Z’} Och eh zh. zh , €y .zh -z,
2}"* = OLZ] e] = 2}‘" z;", e] = 2;"* z;",
EZT _ azzT, eZT 221" ZZT, ezr*z 2zr*_ZZT,
SCT* _ 5CT LCT— 5CT_,CT ,CT%_ 5CT*_ T
z" =0z, e'=2"-z, e/ =Z""-z],
then
outx* Sout* out| — ’*Out out
-1 |e -1 | —zZ | = |a Z, |(3)
q inx| _ vq sinx in| _ Aln
e|= zv =z = az
j=11"j j= 1| Jj Jj |
TS B - -3 5
k=1 k=1 k=1 k
CT* ’*CT* —_ ’*CT Ccr
lele lel - | lela l|(6)

Given 3, |el. | with
Y lef=2ho, |eZ””|+Zf"=1 |ejl'n* Wy lef |42 e
by looking at the results (3), (4), (5), and (6) then
l 1 |e | Zh 1 |a’A"”t Z”t|+2;7:1 |a2}i." — z}i."|+
ApT T ~
Tia lazy =2 [+5, ez — 27|
Based on (1), (2), Definition 2, dan Definition 3 then

Z:!=1 |e;.*| )

=Zp |a20ut| | out|)+zq(| m| _ |aAm
S (121 = ez )2, (2] + |77])
_(Zplazoutl Eplzoutl) (Zq in Zq|a”")
+ (B 121 = i 1|0f’"|) (- laz"| +

X |77 7

out _ pout _ jout in _ pin _ _in pr _
Given lelele =2, B e =z, —Z;,e =
sPT _ PT cr _ ser cr
2y THo T4 T

According to Definition 2, and Definition 3, then e;j can be
partitioned into outer, inner, precise and crosover, so

i led =Xh_, |ep| + Z;I—l e |+hey e} 1+2] lef”
=ZZ o |20ut out|+21q ) Am _ Z +2k - |Apr Zrl"'
Y i

Due to the properties on Definition 2 and Definition 3,
then
Z?=1 |ei|

Zitn

=ZZ (lzoutl _ | out|)+z;l ( Zin ! )+
Sim (2T = 27D+, (1271 + 1271)
=(ZP |20ut| _ ZP |Zout|)+(zq _ Zq Ain|)

+ (Zk 1 |Zpr| — Yt |Apr|)+(21 =1 |Zcr| +Y |Z ) (8

in
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Next will be shown that MAE(Y* ) < MAE(Y).
According to (7) and (8) then
% led-X7 levil =(Sh 125 = 2h I D+(27 7] -

)

Yo |Z 1)
_ (ZP |a20ut| _ ZP |Zout|) (Zq Zq |aAln
- 12 | = Ty a2y D-(2, |aACT| + 3 1)

According to the commutative properties, then
7 led=2 letil =(Zh |25 = 2h 20 ])- () lazg] -
I EA))
(-2 (03] - )
+(Zie= 17| —Zk 1|A’”I) (Zi- 1|y A
(22 1|Z T+ 2 1|Z ")- (Zz 1|az T+ 2 1|Z ")
) =(Zh 1|ZOM| - 1|“20ut|) ( j=1

LR B D2 -
Yoy ez

Accordlng to the distributive and associative properties,
then

Shed-Er et =gh_, (j20] - a2 ]) -2, (|2

o271

5in

q
|z

+ (Bhema 2= B 12D+ 271 +

ln

)

in Ain m

zin
]

sin

0 |zt

sin
1

T (1271 = ez D2z, (127 = laziT])
=3P (1- a)|20“f|—zj! L (1—a)|2"|-
Yy (1= a)lAprlJ'Zz 1(1_a)|Acr
=(1-a){Zh, |22ut|_21‘?=1 27[
Y= 1|Apr|+zz 1|Acr|}
{ ~(1 - {{Zh, Iz, 121}
q
j=1

’\ln

aAbT

e 2 ©
Because of the terms on
Theorem 1 is
(= v 2 >{E L |2
<1, then 3} |e;|-X e*:| > 0.

PN ! ~
Consequently MAE(Z" )= 3} le? |<;Z:l le;|= MAE(Z).}
Theorem 1 does not guarantee that the resulting MAE is
the smallest MAE. therefore, when giving scale factor is
already done, needs to be double check on the condition
of the theorem. If the condition is met, the giving scale
factor can be done again
Consequence 2
Given Z the result of the transformation of the

realization of a time series, Zis the prediction model

; “< JRRET
with outer z)"* and Z)", inner Z;“and zin, prec1sez§

"ln

+Y, 2% |} and 0 <@

and Z z "as well as crossover z Tand Z z
~ ~cr| _ apr
If ZE:I 25| + 0y 27| = | ln| + Zk 1|2 Jand o=

out
max (o) withay, = then Z* = aZprovide MAE (Z* ) =

MAE (Z).
Proof:
According to (9)

S led -7 letil =(1 - {{E]_, 123+, |71}

=l

so Sle - X1l = 0, or MAE( Z )= Slel -
Yile"|=MAE(Z" ) 8

According to Consequence 2, giving scale factor can be
repeated, until we have ¥,_, |20%| + ¥, |2(7| <

Aout

’\ln
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jot [27] + Zh 2]

If a model is included in the compressed category, it is
necessary to stretch to get better accuracy, which
minimize error.

"ln

Definition 5

Given Z the result of the transformation of the
realization of a time series, Zis the prediction model
with outer z?"*and z?"*, inner z;“ and 2?“, precise

zk andz as well as crossover z Fand Z z
: : : in sout
A model Zis said compressed if 3,1, |2 | : | > thl |zo] +

i |77+ Zhea 12|

Stretching will result in increasing the absolute price

number of errors in the points outer Z;’[“t , crossover
2] and precise Zk " which are beyond the center line scale,

but decrease the absolute price number of errors in the

points inner 2;" Thus, a model stretching can be done to

minimize the error if the absolute price number of errors
in the points inner 2" , More than the absolute price

number of the error on all other points.
The idea of strecthing the model is to give a scale factor to
squeeze point 2]‘.” and point Z]‘." which has the shortest

distance, this is conducted to ensure that the error of the

entire point outer 2}”’ will shrink. Selecting a point Zi,"and
Zln

point z "which has the closest distance, then choose =the

Zin
]

smallest, because the points " always closer than

z]"."towards the center of the scale.

Theorem 3

Given Z the result of the transformation of the
realization of a time series, Z is the prediction model

with outer z;’l"’and 2" jnner z;"and 2;", precise

T ~PpTr ~
zh and 2}’ as well as crossover z"and 2{"

q 5in p sout S scr
IfZ,-:l |Z]. | > Zh;l |Zh | + 2 |Zz
n

min(B;)Withf = =

7

27" |and B =

thenZ* = BZ provide MAE(Z* ) < MAE (Z).

Proof: ‘

Made g; = > Because for every j applicable /zm/ /z‘"/
]

then

Gi>1 (10)

Taken g =min(f;:j=1,2,..p) thenforeachj=12,..q
applicable

|pzin| < |B 2| = |2 (11)
Given
Aout* BAout out _ izut Zzut, ezut*_ zzut*_zzut
Am*_ BAm m Am Zin em* Zm* Zm
Apr* Apr pr ~pr ]p,r / pr*_]Apr*] ,pr
=Bz ., =2, -7, 8 =2, -z,
cr* — 5CT_,CT ,CT%_ 5CT%_,CT
2 Bzz' e=z]"-z] e =2~z
then
o |eout* |Aout* outl _ Zh L |'8A0ut Zut|(12)
q inx|_ vq ins _ in _ in
=1 e/pr* j= 1|ZJW ijr |BZ or ZJ,JT(B)
Sia leh =2 |27 - 7, |_Zk 162 = 2| (14)
cr ACT — Acr Z°T
lele* i 2 -2 = X, B2 - 27| (15)

Given 37" |el. | with

T lel=2hs, |€Z””|+Zf-’=1 |e}i'n* Ve ey [+ 27 e
Because (12), (13), (14) and (15) then
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Siy lef |-, 1Bz — z s B2y ~ 2
i |82 = 2 [+20, B2 — 77|
Because (10) (11), Definition 2, dan Definition 3, then
Z (|ﬁ20ut| |Zout|)+zq( |ﬁf~m|)
i 1(IBAWI—IZ”|)+ZZ 1(|/3“’|+|Z 1)
_(ZP |ﬁzout| _ Zp |Zout|) (Zq m Zq ﬁAm
+ (Tt B2 | - T 1|Z’"I)+(Zz 1I/>”"| +

ln

)

Sin 2] (16)
Given 3, Ie land e = yout — y;’!’“, el" = ?”‘ y eir
?ZT - yk e =Yy —y[". According to Definition 2, and

Definition 3 then e; can be partitioned into outer, inner,
precise and crosover, so

Ty led=Xh_, e + I |eji'n|+22=1 lep | +2 lef”
- |Zout out|+2;l:1 |2]m _ Z]i‘n +21};=1 |2zr _ Zirl"'

CcTr
Zz =1 |Z -z
Due to the properties on Definition 2, dan Definition 3,
then
)+

Z:’L ) |e,|_zp(|20ut| _ |Zout|)+2q(| in| -
Ain

Zin
j

T (21 =127 D2, (27 + 1271
_(Zplzoutl_zplzoutl) (Zq in _Zq )
(T 121 = i 1|ZW|)+(ZI 1|A"I+El =)
(17)

Spled-57 lei] =(2p 25| = Sh )+ (5 || - 27 [27])
(S 2] = i 1 D+ (B 27+ 2 1)
(s lszgl = 55 b D-(52 || - 22
(Zk 1 |ﬁApr| _Zk 1| prl) (Zl 1 |BACT| +

Y 1|Z D

According to the commutative properties, then

~(2p ] - 5p gD (53 ez -

AL
(2| =7 [2))- (2| — 7|2
+(Biem 12| = et |2 D~y 1821 = Zies 121)
(B 271+ 2 17)- (Zz 87T+ 3 1|Z I)
=(Zha 120 = Zhe |f>’ZZ“t|)-( j=1|%
i lez))
(B 12| = Ziea 182D+ (20, 2071 =
2 [B77)
According to the distributive and associative properties,
then

S le-5 ;| =
[p27))
e (121 = 182, D+2i_, (12711 = |B2{T])

=¥h (1= Bz
Z]q L(A=p 2" +Zk LA=B |+, a -z
=(1- B){Z Lzl
+Zk 2 12 12}
=(1-B){{Zh-, |20ut|+21 =1 |Acr Yt |2ZT|}‘
Ll e

Because, the terms on Theorem 3 is
sin

Zha |Zout|+zz =1 |Acr +ZZ 1 |}<Z]L-I 112

in

ln

_ (2]~ 1Bz -2 (J2)

q
j=1

’\ln
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MAE(Z* ) = 37 e} <57 le;|= MAE(Z). 2
Assurance that the resulting MAE is the smallest, is not
given by Theorem 3. Whereby, if the giving scale factor is
already done, needs to be double check on the condition
of the theorem. If the condition is met, the giving scale
factor can be done again.

Consequence 4

Given Z the result of the transformation of the realization
of a time series, Z is the prediction model with outer

~ [ Al . T ~pT
Z”tand 2% inner Z}”‘and Z]‘.", precise ZZ and ZZ as well as

crossover Zz Tand Z zl )
sin

Yo 7] = T 2]+ Zioa 1271 + D |2 and =
min(B,) with f = 2
j
then Z* = BZprovide MAE (Z* ) = MAE (Z ).
Proof:

ln

Zout | +

The terms on Consequence 4 is Zq =1 | h

Yo 127 + 242, 27| and according to (18)
Zi |el| Zi |€i| _(1_

DI 1|%”“f|+27 2 2 e
=0,so

MAE(ZJ zi |el| zi le*|=MAE(Z") @
Based on Consequence 4, then if the process of scaling
> Tho 23] +

Yo |A"| +3, |Apr| then the process of giving scale

1)

sin

factor is still producing Z?:l Z

m<

factor performed again till obtain Zq
e 125+ B 2]+ 2y 2]

3. Conclusion

A fuzzy model can be relatively stretched or compressed
to the data. If a model has the stretches, the MAE can be
reduced by compressing the model. Likewise, if a model is
more compressible than the data that is available, then
the model can be stretched to minimize MAE
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